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BRST l QUANTIZATION OF THE GREEN-SCHWARZ SUPERSTRING 
E.A. BERGSHOEFF* and R. E. KALLOSH** 
Theo~' Division, CERN, CH-1211 Geneva 23, Switzerland 
Received 14 August 1989 
We apply a one-step Noether extended BRST procedure (BRST 1 procedure) toquantize the 
Green-Schwarz heterotic string. The gauge fixed action is presented in a wide class of gauges 
including the unitary light-cone gauge as well as Lorentz-covariant gauges containing an infinite 
number of ghosts. We show that the BRST 1 transformation rules and the proof of the gauge 
independence of the theory are simple for a particular choice of variables. We present the explicit 
(on-shell closed) BRST 1 symmetry of the theory in the recently discovered covariant gauge where 
the action is quadratic in fields. We find that the BRST~ transformations of the right- and 
left-moving modes are separately off-shell nilpotent. 
We furthermore point out that in order to show that the gauge fixed action is BRST~ invariant 
it is necessary to regularize certain infinite summations over the fields of the theory. This 
regularization leads to non-trivial integrability conditions which in the case of the BRST l
symmetry are satisfied. We give examples ofother systems with infinite variables where this is not 
the case. 
1. Introduction 
Recently, important progress has been made in solving the longstanding problem 
of covariantly quantizing the Green-Schwarz superstring [1-3]. The idea of a 
covariant gauge fixing leading to a quadratic gauge fixed action was proposed for 
the first time in ref. [4] in the context of the superparticle. The discussion of a 
corresponding gauge fixing for the superstring was presented by Siegel in the Texas 
A & M meeting [5]. The reason that the covariant quantization of the Green-Schwarz 
superstring has proved to be difficult is twofold. First of all it turns out that the 
theory is infinite reducible which requires the introduction of an infinite number  of 
ghosts in covariant gauges. Secondly the theory possesses a fermionic so-called 
x-symmetry whose gauge algebra only closes when field equations are used. Both 
complications were dealt with in refs. [1-3] by using a general method which was 
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developed by Batalin and Vilkovisky (BV) [6]. Quite surprisingly, it turns out that 
although the formulation of the original Green-Schwarz string is rather compli- 
cated, the resulting auge fixed action reduces to a free conformal field theory for a 
particular Lorentz-covariant gauge and a particular choice of variables. 
In this paper we will explain that the simplicity of the above result can be 
understood within the framework of a one-step Noether extension of the standard 
BRST procedure. The standard BRST formalism [7] was originally developed to 
quantize irreducible (in the sense of BV) gauge theories with an off-shell closed 
algebra, like e.g. Yang-MiUs theories. Later it was adapted to include the quantiza- 
tion of finite reducible gauge theories with an off-shell closed algebra as well. 
Examples of such finite reducible theories are the two-index antisymmetric tensor 
[8] and general p-forms [9]. 
It was realized soon that the standard BRST procedure cannot be applied to 
quantize theories that possess an on-shell closed gauge algebra, i.e. theories whose 
gauge algebra only closes when equations of motion are used. Historically, the first 
example of such a theory was supergravity without auxiliary fields. The necessary 
extended BRST procedure to quantize supergravity was developed in 1977 by one of 
the authors [10]. The procedure presented in ref. [10] is essentially a Noether-type 
extension of the standard BRST procedure [7]. In supergravity and in many other 
theories the Noether extension of the standard BRST involves only one step. 
Henceforth we will denote this one-step Noether extended BRST procedure as the 
BRST a procedure. An essential difference between the standard BRST and the 
BRST 1 procedure is that the standard BRST transformations close off-shell whereas 
the BRST 1 transformation rules close on-shell. Later the BRST a procedure was 
generalized by de Wit and van Hohen [11] to the more general situation of 
irreducible theories with an on-shell closed algebra. 
In 1983 Batalin and Vilkovisky constructed a unified approach to the quantiza- 
tion of theories with an on-shell closed gauge algebra which at the same time could 
be irreducible [12], like supergravity, or finite reducible [6]. An example of a finite 
reducible gauge theory with an on-shell closed algebra is the non-abelian antisym- 
metric tensor model of Freedman and Townsend [13]. This model has been 
quantized by Thierry-Mieg [9] using the BRST 1 procedure. Only recently the 
quantization of the same system using the general formalism of Batalin and 
Vilkovisky was presented in several papers [14]. 
It was realized in ref. [15] that the Green-Schwarz superstring is an example of a 
theory that does not only have an on-shell closed gauge algebra but is also infinite 
reducible (in the sense of BV) and hence requires in general the introduction of an 
infinite number of ghosts. Other examples of theories with this property are super 
p-branes [16] and string field theory (for a recent review see ref. [17]). The BRST 
quantization of string field theory was performed by Bocchichio [18] and Thorn [17]. 
The quantization of the Green-Schwarz superstring in the framework of BV has 
been presented only recently [1-3]. 
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The main purpose of this paper is to perform the BRST 1 quantization of the 
Green-Schwarz superstring and in particular to give explicitly a rather simple form 
of the BRST1 transformation rules in terms of the variables which occur in the 
quadratic action. We will discuss under which conditions the gauge fixed action can 
be shown to be BRST 1 invariant and we will emphasize the unusual features that 
occur when dealing with a system that involves an infinite number of fields. 
The application of the BRST x procedure will enable us to construct in a relatively 
simple way the gauge fixed action in a wide class of gauges. In particular, we will 
prove the equivalence of the unitary spinorial ight-cone gauge to covariant gauges. 
By making a number of on-shell trivial transformations we will also simplify the 
form of the BRST 1 transformation rules further. A particular ole seems to be 
played by some spinorial on-shell conserved current. The relation between this 
spinorial current and that of the generators of the Virasoro algebra is still to be 
understood. We will also show that despite the complicated non-closure properties 
of the BRST 1 algebra, for the right-moving modes and for the left-moving modes 
the BRST 1 transformations are off-shell nilpotent. 
As a spin-off of this paper we have found that unusual features occur when 
defining symmetries of a system that involves an infinite number of fields. Some 
properties of symmetries which are automatically fulfilled for systems with a finite 
number of fields, are not always satisfied in the case of infinite systems. This leads 
to non-trivial integrability conditions for symmetries of infinite systems. In particu- 
lar, we will find that the requirement that the commutator of two symmetries gives 
another symmetry is non-trivial in the case of infinite systems. We will give explicit 
examples of models where this integrability condition is not satisfied. We find that 
in the case of the global BRST~ symmetry of the GS gauge fixed action all 
integrability conditions are satisfied. 
This paper is organized as follows. In sect. 2 we describe the BRST quantization 
of systems with an off-shell closed algebra, both irreducible and reducible ones. In 
sect. 3 the one-step Noether corrected procedure of quantization (BRSTa) of 
theories with an on-shell closed algebra is described. We present explicitly the 
difference between the standard BRST procedure and more general situations in 
which more than one-step Noether corrections may be required. In sect. 4 the 
procedure, described above, is applied to the heterotic string in the Green-Schwarz 
formulation. The gauge fixed action and the BRSTa transformation rules are given 
in a class of gauges including the covariant gauge, which is quadratic in fields, as 
well as in a spinorial ight-cone gauge. Sect. 5 deals with the BRST~ symmetry in the 
free conformal gauge. In sect. 6 we discuss the subtleties that one encounters when 
dealing with symmetries of infinite systems, in particular the ones which are related 
to the fact that definitions of infinite sums are involved. We will also discuss some 
non-trivial integrability conditions for symmetries of infinite systems which are 
non-trivial to satisfy. We will show that for the BRST~ global symmetry these 
integrability conditions are satisfied. 
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Finally, in appendix A we clarify some further issues of global and gauge 
symmetries of infinite systems. As examples we will discuss the superparticle, a toy 
model and the GS superstring. 
2. The standard BRST formalism 
The standard BRST procedure of quantization [7], which we will describe here 
can be applied to quantize all gauge theories which have an off-shell closed gauge 
algebra, both the irreducible as well as the (finite or infinite) reducible ones. Our 
notation will be such that we have a simple distinction between theories with 
off-shell closed algebras and standard BRST transformation rules and theories with 
on-shell closed algebras which require Noether-type corrections both to the gauge 
fixed action and the BRST transformation rules. 
We generically denote the fields of the theory by ~cl and the classical lagrangian 
by ~90 d. The gauge fixed action for theories with an irreducible or reducible algebra 
is constructed from set of fields which form the following pyramids [6, 9]: 
%1 
C 1 
c2 N N 
",a "~ N t*2 ~1 ~q ~o 
cF2 UP 1 (P1 ~o ~o 
(2.1) 
The top of the left pyramid in (2.1) contains the classical fields c&v The first 
branch % contains the classical fields, the ghosts, the ghosts for ghosts etc. The 
branches ~p = (~o, ~1,... ) contain all antighosts and the branches q%xtra =
{~01, ~02 . . . .  } contain all extra ghosts. Thus the full left pyramid consists of q0 = 
{ ¢PO' q0extra ) and ~. The right pyramid in (2.1) contains a special set of fields which 
will play the role of Lagrange multipliers imposing the gauge conditions. We denote 
the Lagrange multipliers corresponding to the antighosts by ~ = { ~0, ~1 ....  ) and the 
Lagrange multipliers corresponding to the extra ghosts by t~ = (t~l,/*2 .. . .  ). The set 
of all fields contained in both pyramids is denoted by ~. 
The gauge fixed action for theories with an off-shell closed algebra has the 
following form: 
~gf =~°d + s~(~0, ~),  (2.2) 
where q" is the gauge fixing fermion, and 
s~ ~ = SA(  ~b ) . (2.3) 
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In general the SA(~) are explicitly known for the classical fields ¢&l. They are given 
by the classical transformation rules with the parameter eplaced by the first 
generation ghosts ¢1. The ones corresponding to the ghosts c 1, c z . . . .  are defined by 
the requirement that the BRST operator is nilpotent (see below). The main content 
of eq. (2.3) is the statement that the standard BRST transformation rules of all 
fields are gauge independent, i.e. do not depend on the gauge fermion g'. 
The requirement that the gauge fixed action is BRST invariant leads to the 
condition 
s£~'~f =s£ad + sZq'(ff )) = 0, (2.4) 
which is equivalent o the requirements that the classical lagrangian is gauge 
invariant, 
s£*°c, = 0, (2.5) 
and that the BRST algebra closes off-shell, 
s2~ = 0. (2.6) 
Writing out eq. (2.6) in more detail leads to 
s~g = sA(~o), S~extra = ~t, St/, = 0, S~ = ~, S~ = 0. (2.7) 
Using this we deduce that the second condition (2.6) is fulfilled by construction on 
%xtra and ~. The non-trivial property of the given gauge theory is expressed by the 
statement that this condition also holds on %, 
s2¢pg = sSA( epo) = 0. (2.8) 
We can take the gauge fermion g' to be of the form 
~/' = ~P X(~)- (2.9) 
The gauge fixed action (2,2) then takes the form 
_ 0X  
~g, =*gad + t*X + ~P~l  ~ + ~ SA( %) • (2.10) 
The BRST invariance of the gauge fixed action allows us to perform the following 
change of integration variables in the functional integral W,~: 
~A __+ ~,A = SA(~).  8'/'. (2.11) 
In this way one can prove the gauge independence of the theory, i.e. W~ = W~+a,~. 
610 E.A. Bergshoeff, R.E. Kallosh / Green-Schwarz superstring 
We note that the gauge fixed action (2.10) is linear in the antighosts. In reducible 
theories the dependence of the ghosts can be more complicated. In the case of gauge 
theories with an irreducible gauge algebra the action (2.10) reduces to the well-known 
Faddeev-Popov action. In the case of p-forms the action (2.10) has already been 
given in ref. [9]. 
3. The BRST~ procedure 
There exist gauge theories for which the off-shell closed algebra property ex- 
pressed by eq. (2.6) is not valid and which therefore cannot be quantized using the 
standard BRST procedure. Examples of such theories are the non-abelian antisym- 
metric tensor model of Freedman and Townsend [13], the Green-Schwarz super- 
string [19] (or general super p-branes [16]) and string field theory [17]. In particular 
we have 
asd 
s 2%A = Sin(~) __  (3.1) 
8~,cl '
where S m are the non-closure functions. From eq. (3.1) it follows that the gauge 
fixed action (2.2) is no longer invariant under the standard BRST transformation 
rules (2.7). However we see that eq. (2.6) is only violated by terms which are 
proportional to classical equations of motion. This gives us the possibility to restore 
the BRST invariance of the gauge fixed action by applying a standard Noether 
procedure. We first cancel the new terms in the variation of the action by adding 
new terms linear in the gauge fermion to the BRST transformation rules of the 
classical fields. These modifications we denote by As. Of course the substitution of 
these new variations into the part of the gauge fixed action not involving ~c~° d will 
lead to new variations which are of higher order in the gauge fermion. According to 
the Noether procedure these terms have to be cancelled by adding new terms to the 
action which are of higher order in the gauge fermion and (possibly) new terms to 
the transformation rules, etc. It was shown in ref. [10] that in the case of supergrav- 
ity this Noether procedure stops after one step, i.e. one ends up with a gauge fixed 
action that is quadratic in the gauge fermion and with modified BRST transforma- 
tions that are at most linear in the gauge fermion. It turns out that the same is true 
for the non-abelian antisymrnetric tensor, some of the p-branes, including the 
Green-Schwarz heterotic string, and string field theory. For all these theories one 
can show that the resulting auge fixed action is given by 
= ec, + (s+ 
_ OX _ OX 
= <,  + + + + 
ax _ax  ,gx ax 
5~ 7~-7~a  T2~_  . (3.2) Oq~extra/~ + cp S A + 1- v o - °~o SAB 
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The s transformations are the standard ones defined in eq. (2.7). The extra As 
transformations are parametrized by means of the non-closure functions S A8 whose 
symmetry properties are such that the last term in eq. (3.2) is non-vanishing, 
Asq~" d - o~sS BA . (3.3) 
The gauge fixed action (3.2) is invariant under the extended BRST 1 transformations. 
On Cpo A they are given by 
0q" 
-= (s  + as) g = s A + BA (3.4) 
On all other fields the BRST transformations are unchanged, i.e. s 1 = s. These 
extended BRST 1 transformations are nilpotent only on-shell, i.e. modulo the equa- 
tions of motion corresponding to the gauge fixed action. Therefore on all fields we 
have 
sl 2~A = dSgf ~'sA((b~ (3.5) 
Note that the coefficient sBA(~) multiplying the field equation on the right-hand 
side of eq. (3.5) does not depend on the gauge fermion 'P. This is a particular 
property of theories for which the BRST 1 procedure works, i.e. theories for which it 
is sufficient to extend the standard BRST gauge fixed action and transformation 
rules by just one step. 
To show that the gauge fixed lagrangian (3.2) is invariant under the BRST 1 
transformations sl, it is convenient to consider the gauge fixed action as a function 
of • and 3 ~t'/3 qb, 
O,t,] O,I, 1 O,t, O,t, S A8 
~gf ~' ff-~ } =LPd + ff-~ -£SA + 2 O~ A 3~" " (3.6) 
In terms of .L,°gf as a function of • and O'P/O~ the BRST 1 transformations of ~A 
are given by 
OSgf 
$1 ~)A~ O( O~.t/o~A ) . (3.7) 
From eq. (3.7) it follows that 
s~A = a ( a q ' /g  ~A) d~S 0 ( a q ' /a  ~B) • (3.8) 
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Since on the other hand s12q) A is given by eq. (3.5) it follows that 
O(Og,/oq)A ) d~ n O(Og,/Oq~n ) =0.  (3.9) 
This equation tells us that all '/' dependent terms in the BRST 1 variation of the 
gauge fixed action vanish. The g' independent part vanishes by itself due to the 
gauge invariance of the classical action: sS d = 0. Therefore the gauge fixed action 
(3.2) is invariant under the BRST 1 transformations s 1
In supergravity the particular form of the non-closure functions S An is related to 
the non-closure functions of the classical gauge algebra and to the fact that the 
Jacobi identities corresponding to the classical gauge algebra re only valid on-shell. 
In the case of the non-abelian antisymmetric tensor the S An are only related to the 
non-closure functions of the classical gauge algebra. The same applies to string field 
theory. Finally in the case of the Green-Schwarz superstring there are three types of 
non-trivial non-closure functions S An which have been described in ref. [15]. 
We thus see that although the interpretation of the functions S An in terms of the 
original gauge algebra is quite complicated (some of them are non-closure functions 
of the classical gauge algebra, others are non-closure functions of the Jacobi 
identities, etc.), their interpretation i  terms of the BRST algebra is quite simple: all 
the S An are non-closure functions of the Sl 2 = 0 algebra. 
Summarizing, we see that a characteristic feature that occurs in the quantization 
of theories with on-shell closed algebras (see eq. (3.5)) is that the BRST transforma- 
tion rules receive one-step Noether-type corrections, i.e. they become extended 
BRST1 transformations, and that the gauge-fixed action contains higher-order 3- 
and 4-ghost couplings, which are given by the last two terms in eq. (3.2). 
The reason that in all known gauge theories, which were already quantized, at 
most a one-step Noether correction was sufficient, may be explained by the example 
of the Green-Schwarz superstring. From the general BV formalism [12] we learn 
that in general the gauge fixed action is of arbitrary order in the gauge fermion 
containing the higher-order non-closure functions SAnc, S AncD, etc., 
O't' 1 Oq" Oq" An 1 Og" Oko 8q" ~AnC+ (3.10) s f=sd+Ugss +-ioTo nS + 3 . . . . .  
The requirement that the gauge fixed action should be BRST invariant leads in each 
order of the gauge fermion to an equation relating the S A, S An, Sanc . . . . .  These 
equations define the higher-order non-closure functions. The first few equations are 
given by 
S A, BS n = SA'S~,1i, (3.11) 
l ~An . = sAnis d (3.12) 2J"" , c - -  S(A,D Son) , i ,  
±sABC3 ,D SD + ±s(An2 , o SDc) + S(A , DS Dnc) = sABC's d,/, etc. (3.13) 
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The content of eq. (3.5) which defines theories that can be quantized by means of 
the BRST~ procedure is equivalent to that of eqs. (3.11)-(3.13) with all higher-order 
structure functions S Ax ' A, (n >t 3) set equal to zero. 
From eqs. (3.11)-(3.13) it is easy to understand why the GS superstring can be 
quantized by means of the BRST 1 procedure just by counting derivatives. All terms 
in the GS action contain two derivatives and all terms in the x-transformations 
contain one derivative. From eq. (3.11) it then follows that the functions S As do not 
contain any derivatives. It then follows from eqs. (3.12) and (3.13) that the function 
S Asc and S ABED, in order to be non-zero, should contain negative powers of 
derivatives, which is clearly not possible. Therefore these functions have to vanish 
identically. Similar arguments apply to supergravity and the non-abelian antisym- 
metric tensor theory. 
The only known theories for which the above analysis does not immediately apply 
are super p-branes (p >/2). We expect that these theories cannot be quantized by 
means of the BRST~ procedure but have not worked out the higher-order structure 
functions S Asc, S Asc° etc. A more detailed analysis is necessary but will not be 
given here. 
4. The BRST 1 quantization of the Green-Schwarz superstring 
We now apply the BRST 1 procedure which was outlined in sect. 3 to quantize the 
heterotic Green-Schwarz superstring. The classical lagrangian involves the ten- 
dimensional coordinates (X ~, 0), the zweibeins (e~, e~) and the left-handed chiral 
fermions ,pl and is given by 
~°(heterotic) = e { [I~zH~ + i OzX~ O7~ 0~0 - i a~X~ 07~ OzO - ½i ~ O~[ } . (4.1) 
where H~ = Oz X~ -i07~OzO and H~-  O~X ~-  iOy~O~ O. To quantize the theory we 
use the set of fields which was described in ref. [1]. Using the notation of sect. 3 
these fields are given by 
%={X",e;,e-~,~t't, ca,p,A,Op,o), p>~O, 0=00,0, 
q01 = { 0p,1} . . . . .  ~q={Op,q}, p>~q, 
0}, 
~q= {~a,~a,XP 'q}  , q>~O, #q= {~kp,q}, q>~l. (4.2) 
Here c o, p and A are the ghosts corresponding to reparametrizations, conformal 
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transformations and Lorentz rotations. The {0p,0} are the infinite set of ghosts, 
ghosts for ghosts, etc. corresponding to the infinite reducible x-transformations. The 
--z -7 % and c, are the antighosts associated to c a, P and A while the { ~fl,o} are the 
antighosts associated to {0p,O}. Finally, the g] and -5 # a are the Lagrange multipliers 
for the reparametrizations, conformal transformations and Lorentz rotations, while 
the Xf' q and Xp,q are the Lagrange multipliers for the infinite reducible x-symme- 
try. Note that in our notation the index q labels the branch while the index p 
indicates the position of the field within a given branch. 
The crucial observation of refs. [1-3] which allows us to construct a gauge fixed 
action corresponding to a free conformal field theory is the following. First of all, in 
a special gauge, which is a generalization of the gauge used in the quantization of 
the superparticle [4], one can use the possibility to rearrange the variables occurring 
in the general gauge fixed lagrangian (3.2) to avoid part of the functions slqo . In 
particular, one can get rid of the complicated functions s~Op,o, which have been 
calculated in ref. [3] and whose presence would lead to 4-ghost couplings of the 
form ~pcpcprp. Secondly, one can choose a gauge such that the ~pq0ep 4-ghost 
couplings corresponding to the last term in eq. (3.2) vanish. 
We will show now that the above-mentioned rearrangement of variables leading 
to the absence of ~q0q~cp 4-ghost couplings can be performed for a wide class of 
gauges, which are characterized by the following gauge-fixing fermion: 
g ,=-~ , -~ a ~ ~ ~ . (4.3) CzXz + CaXs + oP'qf ,q 
q=0 p=q 




or ~p,q=- ~ (--1)r~p+r,q+r . (4.4) 
r=O 
The second expression in this equation should be considered as a regularization for 
the infinite alternating sum. In sect. 5 we will see that this regularization is 
consistent with the BRST 1 symmetry of the gauge fixed action. In appendix A we 
will show that in general the consistency of the regularization provides a non-trivial 
integrability condition on the theory. 
Simultaneously we also define 
qTp,o=-- SlOp,O q-•p+l,1, qTp,q=--Xp, q-]- )kp+l,q+l, (q>~ 1). (4.5) 
The above redefinition of variables allows us to rewrite some of the terms in the 
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gauge fixed lagrangian as follows: 
615 
0'/" 0'/" 
oo, oSaO, o+ - -  ~--~p,q~p,q 
p=0 q=l p=q , 
-1,1 =~O'OfslO0,O-t-(00"0-{-0-1 z ) fX l , i - t -  (OI'1-{-02,2)f~t2.2--t- . . .  
, ~ 2'1~ t'~ 03"2)f~.3,2 + + (01" + 
~1-  • • • 
:~ ~" 'q f 'TTp ,q .  
q=0 p=q 
(4.6) 
Note that in the above mechanism of redefining SlOp, 0 away it is essential that the 
summations in (4.6) are infinite. 
We will now see that in the class of gauges described by eq. (4.3) the complicated 
functions SlOp, o not only do not occur in the gauge fixed action but are also absent 
in the BRST 1 transformation rules of the fields present in the lagrangian. Note that 
in order to describe the ~p~pep 4-ghost couplings corresponding to the last term in 
(3.2) we do need all the non-closure functions TAB and they have been described in 
ref. [10]. 
Using expression (3.2) for the gauge fixed BRST 1 lagrangian, the class of gauges 
specified by eq. (4.3) and the shift of variables (4.4) and (4.5) we obtain the 
following expression of £ag: 
q=0 p=q 
4- - -  O X~i ( c~ O<~X" - iOy" l~z Ol,o ) + S-2-S_~ ( c O ber + 05C a -  ( p + A ) e-~ )
oe 5 
+ - -  
Og" 
Oe~ ( cb Obe~ - Ozc~ - ( p - a ) e~ + 4i/~,, 00z0) 
0g" 0'P _ 
+ c3e----~, OX ~ea( iOy~02,°-  2i01,°Y~01,°)" (4.7) 
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The BRST 1 transformations of the fields are given by 
0'/ '  a - 
SlX  = c a OoX - ,0%ol,O + ;0-," o0t,o), 
dSgf 
= ch Obe: - Oz ca -  (P - A )e ;  + 4i01, o 3zO + e~ ~ a--2---Op+ S1 ea  2,0 
p=0 U"p,0 
0q" 
+ ~~e-~(i07~'02,o - 2iOt,oYUOt,o), 
e a sxe;= c~O~e~ - aS -  (o+a)  ~, 
S le '= C a oa~t ~! -  12(p - -  A )~I t , ,  
Off, 
sic" = c b Ohc" + 2i/~t,o/~5 01,oe-~ - 4 i~eb e ~ 01,o02,oe~, 
Off" 
Sl( 0 - A )  = c ~ O,(p - A )  - 4ie t 0,(ee~)~t,oHs02, ° + 8ie-10b(  ee) ) _~e~ e ~ ~t,o02,o ' 
{O,t" -~e~ e~ ) Sl( 0 + A)= c ~O.(p + A) -4 i  0~(01,oI~01,o) + 4i0~1 t~l,o02, o , 
stc. = I~; , - tt ~ , 
SxOp,q = 'TTp,q , S I~ p 'q  = -- ffk p 'q  , 
dSgf ~ Op+ ~O O' St"B'p,q-- de---~e~ 2.0 , 
S1~£ a = $1~ a = Sl~kP'q = O. (4.8) 
Note that the BRST t transformation of qre, q is rather unusual. This is due to the 
shift of variables we performed in eq. (4.5). In fact, using the general expression for 
Sl 2 given by eq. (3.5) it is easy to derive the s t transformation of ~re, q: 
SIqTp, q = S?OP, O-  dS# ~ ~° o o dS# de--~, e~n~' "' = de~ e-~ Op+2,O3q,O. (4.9) 
We furthermore note that the s t transformations of both e~ and ~rp, ocontain terms 
which are proportional to equations of motion. In fact both terms together consti- 
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tute a so-called trivial on-shell symmetry of the gauge fixed lagrangian (4.7), 
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eg ~ dSgf 
6 (triviaL) e~ = 
p=O 
~ (trivial) ¢rp,0 _ dS~fde~ e; 0e+ 2,o. (4.10) 
We could therefore get rid of these equation of motion terms in the BRST 1 
transformations by redefining sI as gl - sl + 6(trivial). 
We see that the gauge fixed action (4.8) in gauges where g' depend on both X" 
and e~ contains ¢pq099q0 4-ghost couplings. In supergravity such ~¢pcp 4-ghost 
couplings are present in standard gauges. In the case of the non-abelian antisym- 
metric tensor and string field theory the same terms lead to ~q0 3-ghost couplings. 
The peculiar feature of the Green-Schwarz superstring is that it is possible to 
choose a gauge independent of X" such that the 4-ghost couplings q0epq0cp are 
absent. 
The fact that the functional integral is independent of the choice of the functions 
X and f follows from the BRST 1 invariance of the gauge fixed action as was 
explained in sect. 3. We can consider several interesting auges. For instance the 
function X which fixes the reparametrizations can either correspond to a conformal 
gauge or a harmonic gauge. The function f which corresponds to the fixing of the 
infinite reducible x-symmetry gives rise to a covariant gauge if we choose f - -  Vz 
[1-3] or a unitary spinorial ight-cone gauge if we choose g = ~,+y . If we take the 
conformal, spinorial ight-cone gauge we obtain the gauge fixed action of ref. [20]. 
We can also reproduce the arbitrary level truncation procedure of quantizing the 
Green-Schwarz string, which was performed in ref. [15], by making an appropriate 
choice of the function f. In that case we use for all ghosts of level L < n the 
covariant gauge f -  ~Tz and for all ghosts of level L >/n the spinorial light-cone 
gauge f -  3,+3, . This shows that the truncation procedure of ref. [15] is a possible 
gauge where all ghosts of level L >/n for some given n become non-propagating and 
in that sense are absent in the truncated theory. 
5. BRST l quantization ofthe Green-Schwarz superstring inthe free gauge 
In this section we consider the covariant gauge of refs. [1-3] for which the gauge 
fixed lagrangian (4.7) reduces to a free conformal field theory, 
q'(free)=g:(e~-(e~)°)+~(e~-(e~)°)+  ~ of'q~zOp,q, 
q=0 p=O 
(5.1) 
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where a 0 a 0 (ez ) ,  (e~) are arbitrary background zweibeins. Since xO(free) does not 
depend on X ~ all ~¢p 4-ghost couplings in eq. (4.7) vanish. Furthermore the fact 
that in the gauge (5.1) the function f in eq. (4.7) is given by f= Vz enables us to 
redefine away all terms in eq. (4.7) which are proportional to Off. It is convenient to 
parametrize these terms as K~ 0fl where Kr is given by 
K~ - - 2ie O~X~O~/~ - e (Oy~, O, O)Oy~ + 4ieb=01,o 
=K cl(~(0) + 4iebZZO 1 o 
Note that K~ 1 is the classical spinorial current 
(5.2) 
Here the b fields are defined by 
K I= aZec, (5.3) 
0 Off 
0'/" 0'/" 0~ 0'/' 
b ~-  ~ b ~-  ~ b ~-  ~ . (5.4) b =- -e~ Oe; '  = ez Oe a '  =e~oe a ,  ee Oe~ 
All the K~ Ofl 
follows: 
terms in the gauge fixed lagrangian can now be redefined away as 
K~ Off + 
q=O p=q 
~ XP'q~TzOp,q= ~ ~ XP'q~TzOp,q-{- (K$-}-ffk°'°) OzO 
q=O p=q+l  
+ v 01,1 + + v 02,2 +. - .  
q=O p=q 
The new #rf' q variables are related to .the old ~z p-' q variables by 
~7P'q ~ ffkP'q"} - ( -1 )  qg~ p'q (5 .6 )  
The variable ~r °'° is the spinorial current of the gauge fixed action, ~o,0= 
0.5~/0  0z0, which consists of the classical part K~ 1 and of a ghost contribution. In 
terms of these new shifted variables the gauge fixed lagrangian becomes a free 
conformal field theory. In what follows we have made the redefinitions 
(p -  A ) -~ (p -  A ) - ~Tzc ~, (o + A ) ~ (o + A ) - v~c z. (5.7) 
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As has been explained in the second reference of ref. [1] one can then set 
b z~ = b ~z = p = A = 0 by using the field equation of p + A, P - A, b z~ and b~! We 
thus find the following simple expression for the gauge fixed lagrangian: 
~gf( f ree)=eOzX~O~X~-e( i /2 )* 'O~ ~1+ k k (OP 'qWzqrp,q+~f 'q~Tz l~p,q)  
q=0 p=q 
-eb :Z~Tzcz -eb~g~c~+~lZ(e~z- (e ; ) ° )+~(e ; - (ea)°  ). (5.8) 
Furthermore the BRST 1 transformations (4.8) in the gauge (5.1) are given by 
Sl X~ = c~H~ - iOy~slO - ibzzOi,oY~Oi,o, 
s ,~"= c° a f l "  + l ( vzc~)~", 
sic: = +c: W~c~ + 4ic~ 01, o OzO + 2i01,o/~ 01, o - 4ib~01,o02,o, 
s ic  ~ = + C 2 ~TzC 2 , 
si b~ = T~ , 
slb ~= T~, 
SlOp,q = qTp,q , 
S I~ p 'q= -~P,qq- ( - - ] )qg~ p,q , 
S l#P 'q= ( -1 )  q ~P,qZ~, 
Sxeaz = s1 ea = Sl~£Za = Sl~a = Slq'gp, q = O, (5.9) 
where the bosonic T~, T~ and the fermionic T~ are defined by 
j i  /l __ T~=17~l- I~-  2b~ZVrCz (~7~b~)c~ + aibzz01,oO~O 
Ix tL T~z= H~Hz-  I. I _ 2b~- -  
T; = sxg  ~ = sx( gc l (  g ,  0 ) )  + 4ieTr~-O1, 0 
+ 4iebZ~{ c ~ a~0i, o - ( g~ c~) 01,o +/~z 02, o 
+4iOi,o(01,oa~O)-iT~a~O(Oa,oy~Ox,o)-bZZ03,o}. (5.10) 
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In eqs. (5.9) and (5.10) we have used that 
SlO= ~_~ (--1)rqrr, r = caeca 0 q- /7~,01,0-- bZZ02,o" 
r=O 
(5.11) 
Furthermore we have redefined s1 with the on-shell trivial symmetry given in eq. 
(4.10) and the following ones: 
8(trivial)e;=e~t-d--~ + ~ (-1)qol,o 
q=O 
dSgf 
8 (trivial) e~' = e~ dbe~, 
8 (trivial) b ~'z dS~f 
= de~ e~,  
dSgf 
8(trivial)be~- de~ e~, 
8(trivial)~rq,  dSg, ~Oa o. 
= de~ e~ , 
(5.12) 
In sect. 6 we will discuss under which conditions the gauge fixed action (5.8) can be 
shown to be invariant under the BRST a transformation rules (5.9) and (5.10). 
The BRST 1 symmetry, given in eqs. (5.9) and (5.10), is closed only on-shell. 
However, concerning closure, the BRST 1 transformations have the following inter- 
esting property: if one restricts oneself both in the fields as well as in the 
transformations of the fields to only the left-moving (right-moving) modes, then the 
corresponding transformations are off-shell nilpotent. In particular, for the left-mov- 
ing (1.m.) modes we have 
s~mX ~= c5 0 zX  p', 
s~mxt tI = ¢y, Ozxttl ,
sImc5 = C~ t7z¢~, 
s~mbzz= O.X~ Oz X~-  2z 55 -- 2b  V'zC~ - ( Xzzb ) c~-  1. i 1 o 7,g' ~zg" (5.13) 
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and 
( s~m)2{g~,~- t l ,  c~,bY'Z'} =0.  
Similarly, the transformations for the right-movers (r.m.) are given by 
s [mX p. = 
s~mCz = 
rm z z s 1 b = 
r m  ~ _ S 1 Op, q -- 
s  o?,q = 
czH ~ - iOy~Sl 0 - ibZZOl,OY~01,o, 
c~ W~ c~ + 2i01,o/~ 01, o - 4ib~01,o02,o, 
Ts~, 
"lrp, q~ 
-~r~'q + ( -1 )  q ~P, qK~ , 
( -1 )  q ~P 'qZ j  m , 
(5.14) 
(5.15) 
where Tjm - -  s[mK~. For these right-moving modes we have 
( s (m)2{X~,Cz ,  bZZ,~,q ,  OP 'q ,~rP 'q}=o.  (5.16) 
Eqs. (5.14) and (5.16) show in particular that 
lm,~ __  rm, '~ _ rm rm sl ~zz-Sl  J~-S l  T~ =0.  (5.17) 
Our results suggest hat the spinorial on-shell conserved current K~ and its variation 
T~ play an important role in the quantized superstring, which is analogous to the 
role that the Virasoro operators Tzz and T~ play in the quantized bosonic string 
theory. 
6. Symmetries of infinite systems 
In sects. 2-5 we have dealt with systems exhibiting infinite reducible symmetries. 
In this section we would like to give a more careful analysis of how to define global 
as well as local symmetries for systems with an infinite number of fields. 
In the case of a system with a finite number of fields it is well known that the 
following two properties of global or local symmetries of an action S always 
automatically hold: (i) the algebra of symmetries form an off-shell or on-shell closed 
algebra; (ii) after a change of variables one obtains an action in terms of the new 
variables which is again symmetric, the symmetry being expressed in terms of the 
new variables. 
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We will now discuss when a system with an infinite number of fields satisfies the 
properties (i) and (ii) above. In general these properties are not satisfied. In 
appendix A we will give explicit examples of infinite models with symmetries that 
do not satisfy the properties (i) and (ii), e.g. the commutator of two symmetries does 
not give another symmetry of the action. Here we will first discuss the general case. 
Consider an action of the following form: 
S= ~S (0, (6.1) 
i=0 
where each S (i) consists of a finite number of terms. We will define the variation 8S 
of S as follows: 
~S (i) 
i, j=0 i, j=o 
Suppose we can show that the action S is invariant under some gauge or global 
transformation ~,i.e. 8(c)S = 0. This immediately leads to the following integrabil- 
ity condition: 
i,j=O 
= i ~j=0a~9~(~l)~(£2)~bj'[- [ (£2), i,j=0 ~ ]S}9~(C1)~j 
-(1 ~ 2). (6.3) 
The first term at the r.h.s, of eq. (6.3) is the only one which arises in a system with a 
finite number of fields. The second term at the r.h.s, which involves the commutator 
[8,~? ~] can only arise in a system with an infinite number of fields. Clearly two 
symmetries only form an (on-shell) closed algebra if this commutator is vanishing, 
i.e. 
The other issue which is obvious for systems with a finite number of fields but 
needs a clarification for infinite systems is related to performing a change of 
variables. In the quantization of the Green-Schwarz superstring we have seen that it 
may occur that after some change of variables the variation of the action under 
some gauge symmetry may contain an alternating infinite sum in terms of the new 
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variables, i.e. 
8S -  ~ (-1)%p '~. (6.5) 
i=0  
These alternating infinite sums are, in principle, not well defined. In the quantiza- 
tion of the Green-Schwarz string, however, we have found that the requirement that 
after a change of variables the original symmetry (in the case of the GS superstring 
this is the global BRST 1 symmetry) should be preserved as a symmetry of the action 
in terms of the new variables, leads to a unique definition of the alternating sum. In 
other words, there exists an unambiguous expression for the regularized infinite sum 
that satisfies the requirement that after the change of variables the action is still 
symmetric. So we have 
= 
oo 
E ( - 1)'cp 'i = f'(cp') =f(qg).  (6.6) 
i=0  
Eq. (6.6) should be consistent with the property (6.4) and therefore the following 
integrability condition should be satisfied: 
k (-1)'8¢P ' i= 8f'(q~') = 6f(cp). (6.7) 
i~0  
In the case of the GS superstring considered in sects. 2-5 the infinite sum 
~=0( -1 )  i 8¢p,i is well defined since only a finite number of terms in the infinite 
sum are different from zero. In this case, as different from other systems which we 
will present in appendix A, the left-hand side of eq. (6.7) equals the right-hand side 
of eq. (6.7). This is a crucial integrability condition of the requirements (6.4) and 
(6.6). 
We will now show more explicitly how the above general considerations work in 
case we consider the Green-Schwarz superstring and the global BRST 1 symmetry 
(5.9) of the gauge fixed action (5.8). Infinite alternating sums enter into the variation 
of the lagrangian (5.8) if we vary 0f'q in the 0 W~r terms and ~r f 'q  in the ~" W/~ 
terms since s18 f '  q -- ( -  l)qK~ 8 p' q and Sl ~p' q = ( -  1) q ~ p' qT; .  We thus have 
l ) ) Sl~qagr(free) - K~ W, ~ (-1)q~rq, q-s ,O + T~ Wz (-1)qOq, q -O  . (6.8) q=0 = 
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If we would have worked with the original variables not making any field redefini- 
tions we would of course end up with a similar variation but now expressed in terms 
of the old variables. 
In terms of the original variables there is no problem in defining the infinite 
alternating sums which occur in the variation of the gauge fixed lagrangian. As we 
have explained for the general case above a natural way to define the infinite 
alternating sum occurring in the variation after a change of variables is to require 
that the symmetries of the lagrangian should be preserved under the change of 
variables. This leads us to define the following regularizations: 
t~q, q- 0, (6.9) 
q=0 
(--1) q'rl'q,q~--- SlO= Ca OaO + I~01 o -  bZZO , 2,0- 
q=O 
(6.10) 
Eq. (6.9) can be understood as the definition of the old 0 variables in terms of the 
new t~ variables [cf. eq. (4.4)]. The regularization (6.10) is consistent in the sense that 
the s 1 symmetry operator commutes with the infinite summation. For this to be the 
case it is essential that we have s20 = 0. Note that we achieved this by making 
the on-shell trivial transformation given in eq. (4.10). To actually prove that s20 = 0 
the explicit form of s101, o and s102, o is required. One could alternatively say that 
S~Ol, o and s102, o are defined as the solutions of the equations 20 = 0. We thus see 
that the explicit forms of s101, 0 and s~O2, o are not needed in showing the BRST~ 
invariance of the gauge fixed lagrangian in terms of the new variables. Rather they 
arise as the solutions to certain integrability conditions. The same thing happens in 
fact for all the other variations SlOp, o Their explicit forms are rather complicated 
functions of /~ ,  Op, o and b z~ and have been calculated in ref. [3]. However, these 
complicated functions do not occur in the action, neither do we need to know them 
in order to prove that the gauge fixed lagrangian (5.8) is BRST 1 invariant, at least 
for the general class of gauges (4.3) we have considered in this paper. Rather they do 
arise as the solutions to the set of integrability conditions slPO = O. 
The definition of the alternative infinite sum of free variables in eq. (6.10) and the 
more general relation, which is required for integrability of the BRST 1 symmetry of 
the action (5.8), 
( -1)qrrq+p,q-S lOp,o ,  p =0, . . . ,oe  (6.11) 
q=0 
forces us to ask the following question: Should we consider the fields ~rp, q, in terms 
of which the action (5.8) is quadratic, as free fields or as constrained fields? 
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It is instructive to compare this situation with the chiral dynamics action 
i t  0 a,I~2 where the q,t satisfy the constraint 2\  ~"t" / 
(4~')2 = 1, I=1  . . . . .  N. (6.12) 
Despite the fact that action in terms of the N fields ~i is quadratic, it becomes the 
equivalent but highly nonlinear action 
1(0,q¢)2+ a, l+(qT)  i=1 . . . . .  N -1  (6.13) 
when the constraint (6.14) is solved and the system depends on N-  1 interacting 
unconstrained fields instead of N free constrained fields. Coming back to our 
example we see that asking the question: are the fields %,q with 0 ~< q < ao, q < 
p < m free fields or constrained fields, requires clarification. Contrary to the chiral 
dynamics case, eq. (6.11) does not allow us to express the infinite number of fields 
%,q through some number of fields rrp, q, which is less than the original set. So in 
our interpretation eq. (6.11) should not be considered as a constraint but rather as a 
regularization of the infinite alternating sum. Accordingly, it is correct to say that 
the action (5.8) is a free field action. 
If in chiral dynamics there would be no constraint (6.12) then the sum of the 
finite number of fields (q~i)2 would be a definite, well-defined function of if1. In our 
case the infinite alternative sum £q°°=0(-1)qrrq+e, q is not well defined a priori. 
Therefore, the fact that this sum must be defined to be equal to the right-hand side 
of eq. (6.11) is not in contradiction with the possibility to define the functional 
integration over the variables %, q as an integration over free variables. The fact that 
the counting of physical degrees of freedom and of the conformal anomaly, using 
the lagrangian (5.8) as a free lagrangian, gives a correct result [1-3] confirms our 
belief that the situation is very different from that in chiral dynamics and should be 
further explored. 
To conclude our discussion of symmetries of infinite systems we remark that the 
infinite set of spinorial ghosts which arise in the quantization of the GS super- 
string is related to the representation of an OSp algebra [21-24] with a finite 
graded dimension [21, 23]. In particular, the regularized graded dimension ~ of 
OSp(2n-  q, ql2rn) is given by [21,23], 
2n-1  
9= (1 + x ) ' "  (6.14) 
Since a counting of the number of degrees of freedom N of the superstring 
gives [1-3] 
16 
U (1 + x) 2'  (6.15) 
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this indicates that the relevant orthosymplectic supergroup describing the degrees of 
freedom of the superstring, as given in refs. [1-3], is given by OSp(9,114) [23]. The 
relation to orthosymplectic supergroups i  less clear in the regularized expression ~'  
for the conformal anomaly, as given in refs. [1-3], 
12 12 1 
~¢= -32 (1+x)4 ( I+x)~ + ( l+x)~ (6.16) 
This equation is still lacking a group theoretical explanation. The group theoretical 
origin of the above expression for the conformal anomaly will hopefully provide us 
with a further understanding of the underlying algebraic structure as well as with 
the correct mathematical framework in which to describe the BRST 1 symmetry of 
the particular infinite system considered in this paper. 
We would like to thank Luis Alvarez-Gaumr, Itzak Bars, Igor Batalin, Tom 
Curtright, Mary K. Galliard, Mike Green, David Gross, Murat Giinaydin, Chris 
Hull, Andrei Linde, Ulf Lindstr~Sm, Antoine Van Proeyen, Ergin Sezgin, Albert 
Schwarz, Raymond Stora, Misha Vasiliev, Edward Witten and Bruno Zumino for 
fruitful discussions. 
Note added 
After the completion of this paper we received a preprint by Bastianelli et al. [26], 
who discuss the covariant gauge fixing of the superparticle. They propose to use 
only one branch (in the terminology of eq. (17) of ref. [1]) instead of an infinite 
number of branches. However, in order to obtain a correct number of degrees of 
freedom it is essential to have an infinite alternating sum over the branches [1-3]. 
Indeed, the gauge fixed action of ref. [26], although it avoids the need to regularize 
infinite alternating sums [see our discussion around eqs. (6.8)-(6.11)], does not 
produce the correct counting of degrees of freedom. 
Appendix A 
In this appendix we will consider the quantization of the superparticle in the 
covariant gauge as performed in ref. [4] and the issue of residual gauge invariances 
of the gauge fixed action, which has been discussed recently in the literature [25]. 
To illustrate some of the ideas concerning symmetries of infinite systems which 
we discussed in sect. 6, we also present in this appendix a simple toy model. The toy 
model will show us how easy it is to introduce a "symmetry" in a theory with an 
infinite number of fields and on the other hand it will teach us how non-trivial it is 
to do this in such a way that certain integrability conditions are satisfied. 
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Finally we will present gauge symmetries h la Fisch-Henneaux [25] of the gauge 
fixed action corresponding to the GS Superstring. We will show that unlike in the 
case of the superparticle the "gauge symmetries" do not satisfy the integrability 
conditions discussed above. Thus the Green-Schwarz gauge fixed action provides us 
with still another example of how non-trivial it is to have a gauge symmetry of an 
infinite system. 
A.1. THE SUPERPARTICLE  
The superparticle gauge fixed action has been given in ref. [4] and was discussed 
in ref. [25]. In ref. [25] the claim has been made that the superparticle gauge fixed 
action of ref. [4] possesses residual gauge symmetries. We will now show first that 
there is in fact an infinite number of gauge symmetries a la Fisch-Henneaux which 
are all of the so-called Stueckelberg type, i.e. they correspond to symmetries which 
express the fact that only certain fixed combinations of the variables occur in the 
gauge fixed action or in other words they express the fact that certain variables do 
not occur in the action. To see this we first rewrite the superparticle action, using 
the notation of refs. [4, 25] as follows: 
S 1 = fd r  p,3 " -  ' 7gp + H, (g  - 1) + 9~;~ - ~ ci-°~i+x**i+l - /~(HI  -/~0 + 4c°;~) 
i=1  
_ -', 1 ~ cO- 2cO~ -2)~) -- ~ E Ci,**,-l--**i+l ,J c , (H i+ I -1- i--1 "-J[Fli-J -t- 1-1i-J+l'~l 
i=1  i=2 j= l  
= fdr{ -½gp 2 + H, (g -  1) -~(H I - /~0 + 4c°)~) 
+ P~ (x"  - cl3 '~'c° - c22"Y~c° - c333'~'c° . . . .  ) + X ( X - 2cl c° - 2c2c° - 2c3c°) 
- c° (  I I2 -  ~cl)  - c°( H~ - t~c 2 - 2c12 )
"-tO 4 3 "-0 5 --C3(/-/4--~C3 -- 2¢2X) -- C4(175--~ c4-  2¢33X) . . . .  
- (el  - ~,~) n~ - (e~ + e~)/71 - (~; + e 4) n6' . . . .  
~ , (n~+ + ha)  -~ , (n4  n 4) d (na+ . . . .  
-(e~ + e3)n~,- (e4' + eg)n~- (e2 + e~)m . . . .  
-4 1 -5 2 -6 3 -(~; + ~, )n , - (~;  + c~)n+-(~ + ~)n~ . . . .  
- c~(H 4 +/765) - c72(H65 +/7  6) - c3(/-/6 +/-/70) . . . .  }. (g.1) 
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i (i = 1, 2, .. ) occur in the following combinations: Hence we see that the c 
(x . -  elr c° - ° - . . .  ) ,  
(x 2~lc ° -  2g'2 2c°- -30 -- 2C3C 4 -  . . . ) ,  
(H~2-#I), (H3-# 2- 2c12), (H4-d~c~ - 2c~)~), (A.2) 
•.. etc. 
Therefore the c~ (i = 1,2 . . . .  ) variables can be effectively redefined away from the 
action in the same way as this happens in the Stueckelberg mechanism. The fact that 
the c[ (i = 1, 2 . . . .  ) variables effectively do not occur in the superparticle action 
means that there is an additional gauge symmetry which enables one to gauge these 
variables away. From the above one deduces that these gauge symmetries are given 
by 
8Xl t  - I • 0 = (~j7 C)+1, 
8X = 2ijc°+ 2, 
8~]+i+j  l -  +2/+j  ( = -1)  cj, 
(~ FI'2 + i +J = 
~2+2i+j  (-- ])i~'j, 
3+i+j  ~r3+2,+j ( -  1 ) /2 , j~,  (A.3) 
for j=  0,1,2 . . . .  *. 
The important point now is that in order to show that the superparticle action S 1 
is invariant under the gauge symmetries given in (A.3) one needs to define infinite 
summations• For instance to show that S 1 is invariant under the gauge symmetry 
with parameter q,  one needs to define the following infinite summations: 
/7~= -- (-- 1 ) / ( / / i ,  + ~2,+2, ,  
i=1 
- ~ -1+i x (A.4) c~= - (-1)'(- 'c1+2i +C3+2i)• 
/=1 
Since all the variables which occur in the above infinite summations are invariant 
under the q gauge symmetry we do not get any inconsistency. 
*The j = 1 symmetry is the one given in ref. [25]. 
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One might now wish to perform the change of variables described in refs. [4, 25]: 
/71 = HI  - /¢0  + 4c° )~,  
/~i+1 = l l i+l i >1 1 i+1 *~i+1 ~ 
~1 1 q -~C?  -- 2C?+ 1) ~ i > 1, /7 i+1 = / - / i+ 1 
/ • i + 2  = 1-/-i + 2 _IVIi+I i+ j+3 ** i+ j+3 q- i+ j+ l  
/~  = /-/~ 1 2 - ~p  • 
i , j>~O, 
(A.5) 
Note that this redefinition differs from the one given in (A.2) and one should not 
confuse the two. The difference between the two is that after the change of variables 
(A.2) the action can be written in terms of the new variables which are gauge inert 
but the action is not quadratic. On the other hand performing the change of 
variables (A.5) one ends up with an action in terms of the new variables which is 
quadratic but gauge invariant in a non-trivial way. The action S 2 in terms of the 
new variables (A.5) is given by 
$2 . . . .  ~P'+fI~(g ')+)d( 'ffIl ~. ~ "-J~i J+l). ( 
i=1 j=0  
This action is again invariant under the q gauge symmetry provided that one now 
defines the following infinite summation: 
( i ~ i+1 _ 0 0^ - 1) H:i+2 -~c  1 - 2c2x.  (1.7) 
i=0  
Note that again all the variables in the above infinite summation are inert under the 
c 1 gauge symmetry and therefore this is a consistent regularization. Of course one 
would expect the action S 2 to be gauge invariant since the gauge invariance in this 
case just means that a certain variable does not occur in the action. This was the 
case in terms of the old variables under the condition (A.4) and remains to be true 
in terms of the new variables under the condition (A.7). It has been claimed in ref. 
[25] that only the action S 1 in terms of the old variables is gauge invariant but not 
the action S 2 in terms of the new variables. In our interpretation of symmetries of 
infinite systems this is not the case. Our statement is that both the action S 1 as well 
as the action S 2 is gauge invariant under the conditions (A.4) and (A.7) respectively. 
In both cases we have to deal with infinite alternating sums which a priori are not 
well defined and need to be regularized. By definition we regularize the infinite 
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sums in such a way that the gauge symmetry is preserved after the change of 
variables. 
Our conclusion is that the gauge fixed superparticle action is consistently gauge 
invariant under an infinite number of gauge symmetries of the type given in ref. 
[25]. However all these gauge symmetries are trivial in the sense that all of them are 
of the Stueckelberg type. Thus the situation of the superparticle resembles the 
situation of massive vector fields, which can be presented in the form 
~= 1 2 2F~( A ) + lmZ( v',ep ) 2, (A.8) 
where V~q~ = 0,~ + mA,. Written in this form the action has the following gauge 
symmetry: 
8A~ = O~, 3q) = - ~. (A.9) 
However we may rewrite the action in terms of the new variable W~ = A, + 0,q), 
1 2 1. 2tx/'2 v , . ,  (A.IO) 
i.e. in terms of variables which are gauge inert. 
We finally note that the fact that the gauge fixed superparticle action depends on 
all fields c) except the ones with i = j  does not affect the counting of degrees of 
freedom since effectively it makes the number of branches (note that c~- ~f,0 in 
our notation) less by one unit. Thus from the infinite number of alternating 
branches one branch is extracted. The result of the Euler regularized infinite 
summation is not changed by this. 
A.2. A TOY MODEL 
It is useful to illustrate the subtleties that are involved in dealing with symmetries 
of infinite systems by means of the following toy model. Consider the classical 
Green-Schwarz action, 
.LP(GS)=e{H~II~+iOzX~'Oy, O,O-iO~X*'O'I~Ofl}, (A.11) 
and the following variations of X" and O: 
8X ~ = gy~0, 80 = c. (A.12) 
Note that for c =/~x z these transformations coincide with a x transformation of
X" and 0. The Green-Schwarz action is not invariant under these variations, 
8 (~) £,o (GS) = - 4ieil~ Off. (A.13) 
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Note that in the case of ~ transformations c =/~z  with the K variation (A.13) can 
be cancelled by a K transformation of the zweibein; 
8(~)e~ = 4i(~ z Ofl) e~'. (1.14) 
Instead of doing this we can also cancel the E variation (A.13) by introducing a
Lagrange multiplier ~0 with the transformation rule 
8)t °'° =/~c .  (A.15) 
The variation (A.13) can then be cancelled by adding to the Green-Schwarz action 
the term 
~o,0 Off. (A.16) 
Of course the addition of this new term to the Green-Schwarz action does not 
restore the full E invariance since we also have to vary 0 in (A.16). This leads to an 
additional variation which can be cancelled by introducing yet another Lagrange 
multiplier 01,1 with the transformation law 80~, 1 = -e  and by adding to the action 
the term ~o 3flLv This term in turn leads to a new variation whose cancellation 
requires the introduction of a Lagrange multiplier ~tl~ 1 etc. 
It is by now clear that in order to obtain an E invariant action we are forced to 
introduce an infinite number of Lagrange multipliers ~P' p (p = 0,1, 2 . . . .  ) and Oq, q 
(q = 1, 2 . . . .  ). We thus obtain the following toy model (TM) action: 
~°(TM) = 5°(GS) + X °'° OzO + X °'° OzO1,1 -Jr- Xlz 10zO1,1 -t- Xiz 1 0z02,2 -Jr-... 
=£#(GS) + ~ X p'p Ofip,p, (1.17) 
p=O 
where the t~ variables are defined by 
Op, p~Op, p -[-Op+l,p+l, p = 0,1 ,2 . . .  ; 0--00, o . (A.18) 
The ~ transformations of the fields are given by 
8X" = iV"0, 80p,? = ( -1 )?c ,  8)tf '? = ( -1 )  ?i/-~,. (A.19) 
In which sense have our naive multiplications described above led us to a truly 
gauge invariant action? In order to show that the toy model action (A.18) is 
invariant under the ~ transformations given by (A.19) we need to define the 
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following infinite summation: 
( -1 )POp,p=O.  (A.20) 
p=0 
In contrast to the superparticle model described above this infinite summation 
involves variables that do transform under the gauge transformations. The consis- 
tency of the regularization (A.20) which was needed for the proof of the gauge 
invariance of the toy model action requires that the gauge variation of eq. (A.20) is 
well defined. In particular it means that the gauge variation 6(E) commutes with the 
infinite summation E in eq. (A.20). Unfortunately this is not the case. On the one 
hand varying the r.h.s, of eq. (A.20) we obtain ~. On the other hand, if we first vary 
all the terms on the 1.h.s. of eq. (A.20) and then perform the infinite summation we 
obtain zerc since all the t~ variables are inert. Therefore it is incorrect o say that the 
toy model action (A.18) is gauge invariant under the transformations (A.19). 
Another way to see that the toy model is not gauge invariant is to look at the 
commutator of two ¢ transformations. Usually the commutator of two symmetries i  
supposed to give another symmetry of the action. In our case we find that the 
commutator of two c transformations is given by 
[8 (£1) ,  {~(,2)]ffKyP'P = ( -1 )  p O~ t~, (A.21) 
where 4" = ~2"~1 •One can easily check that the bosonic ~ transformations are not a 
gauge symmetry of the toy model action. 
A necessary consistency requirement of any gauge symmetry is that the commuta- 
tor of two gauge symmetries yields another gauge symmetry. The fact that in the 
above toy model this was not the case is immediately related to the fact that the two 
operations variation (8) and infinite summation (E) did not commute, i.e. [3, ~] -4= O. 
Thus the above toy model has provided us with an example of an infinite system 
which at first sight seems to have a gauge symmetry. However this gauge symmetry 
does not satisfy certain integrability conditions. This means that we cannot use this 
gauge symmetry to eliminate for instance some degrees of freedom. It is in this sense 
that we would call the gauge symmetry (A.19) a false gauge symmetry. 
A.3. THE GREEN-SCHWARZ SUPERSTRING 
We will now show that the gauge fixed GS superstring action does not have any 
consistent gauge invariances of the type we encountered in the case of the superpar- 
ticle [see eq. (A.3)]. Suppose we would try to generalize the j = 1 gauge symmetry 
[25] of the superparticle action to the case of the superstring. An obvious generaliza- 
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t ion is the fol lowing one: 
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8 X ~' = _ i i~y~Oa,o , 
8c  z = - 4 ig~ 02, 0 , 
~P'q= (--1)q~P'q~y, 
~P'q  = (--1)q{ ~P'q ey O'~p.( ~'~l*el,O) + ~P'q+ l£y.l~y. ~- ~P'q+ 2bZyz } , 
~kp+q+ l,q+ l ~ (--1) q~( s10p,O) • (A.22) 
The gauge fixed action does indeed satisfy 8(e~)S = 0. However, one can easily see 
that in this case the integrabil ity condit ion (6.7) is not satisfied. The essential 
di f ference with the case of the superparticle is that the transformation rules 
themselves are not gauge invariant. Therefore [8(~1), 8(c2)] =~ 0 and gives something 
which is not a symmetry of the action. Another  way to see the inconsistency is to see 
which regularizat ion is needed in order to show that 8(c~)S = 0. It turns out that 
one needs to define the following infinite summation: 
{ ~p., + ~f+ 1.,+1 } = ~o.o. (A.23) 
p=0 
Like in the case of the toy model (see around eq. (A.20)) this regularization i volves 
variables which are not gauge inert. We therefore ncounter the same inconsistencies 
as in the toy model. The same applies to the superstring eneral ization of all other 
( j  > 2) superpart ic le gauge symmetries, which we will not give explicitly here. 
Thus, our conclusion is that the gauge fixed superstring action in a covariant 
gauge does not possess any cons is tent  gauge symmetries. 
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